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COMPRESSIVE LOGARITHMIC
GENERATING ELEMENTS FOR
INERTIALESS FILTERING OF SYMMETRIC
NOISE

We develop a polynomial inertialess filter for recovering a
Gaussian signal from additive non-Gaussian noise within the Kunchenko
decomposition framework, taking the generating element to be a
compressive, sub-polynomial family: after the mandatory linear element
0, =&, the odd, monotone elements ¢; = sign(¢)log (1 + |¢]).
Because these elements grow more slowly than any power of &, they
compress rather than amplify the tails, and the normal system F?h = R?®
Is finite whenever the noise has finite variance alone — no moment above
the second is ever required, so the body cannot «diverge» on heavy tails.
The cost of this generality is numerical: successive powers of a slowly
varying function are strongly collinear, so the body is severely ill-
conditioned and is solved under Tikhonov regularisation with a cross-
validated ridge. We show that this controlled cost buys a measurable
advantage on the noise regime to which the compressive shape is
matched. Monte-Carlo experiments with 95% bootstrap confidence
Intervals, benchmarked against the Wiener linear filter through the
Kunchenko coefficient e 1, show the logarithmic basis to be the better filter
on platykurtic / multimodal noise, where its slowly growing nonlinearity
resolves inter-mode structure that the linear filter does not use (e,, =
0.851 at q =0.5, widening to 0.729 — a 27% reduction in residual variance
over the linear filter — at g = 0.25). A controlled experiment on a real CWRU
bearing carrier with a platykurtic disturbance reproduces this finding (e,
= 0.853 on a bimodal disturbance at q = 0.5), whereas raw real noise with
negative excess kurtosis alone gives no advantage — i.e. the gain is driven
by the disturbance’s structure, not by its kurtosis. Because the elements
are odd and sign-preserving, the mechanism is matched to symmetric
disturbances as a class: it improves on the linear filter on all three
symmetric classes examined, and is only marginal on the asymmetric one,
where odd compression captures skew inefficiently. We therefore
recommend the logarithmic basis for symmetric non-Gaussian
disturbances, most strongly on their platykurtic and multimodal corner, and
we note that negative excess kurtosis on its own is not a sufficient
condition for an advantage.

Keywords: stochastic polynomials; Kunchenko decomposition;
Inertialess nonlinear filtering; generating element; logarithmic basis;
compressive nonlinearity; platykurtic noise; multimodal noise; Tikhonov
regularisation; symmetric noise; non-Gaussian noise; signal-to-noise ratio

Introduction

A linear filter is a second-order object: it acts on the
covariance of the observation and discards everything else. For a
signal observed in additive noise this is sufficient only in the
Gaussian world, where the conditional expectation is itself linear
and the Wiener filter [1] is exactly optimal. When the noise is non-
Gaussian the second-order picture is incomplete: the asymmetry,
the peakedness or flatness of the bulk, and the weight of the tails
all encode structure that a linear estimator cannot touch. Classical
remedies pull in opposite directions. Robust estimators bound the
influence of extreme residuals so that a few large deviations do
not steer the fit [2]; higher-order spectral methods do the reverse,
building estimators out of cumulants above order two precisely to
capture the non-Gaussian structure that vanishes under a Gaussian
law [3, 20]. Either way, once normality is left behind, a nonlinear
functional of the observation can strictly outperform the best
linear filter.

Kunchenko’s stochastic-polynomial theory provides a
constructive route to such nonlinear filters [4, 5]. One represents
the quantity of interest in a space spanned by fixed nonlinear
transformations of the observation (the generating elements) and
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projects onto that span. For the scalar mixture § = s + n, with s ~ N'(0, y?) a zero-mean Gaussian signal and n a

zero-mean non-Gaussian noise independent of it, one chooses an ordered family ¢;(§) (always with ¢; = §) and
forms the inertialess filter

$=hy+Xihipi(§), ho = = X LE{op}. (1)

The mean-square-optimal coefficients solve the normal system F?h = R¥ assembled from the covariance

body Fljp = Cov(¢;, ;) and the cross-vector Rf ; = E{s ¢;}; the resulting quality is the residual fraction e; = 1 —

Js/x? with J; = (R®)T(F?)~1R®. Because the linear element alone reproduces the Wiener filter, with e; = 1/(1 +
q) fixed by the operating point ¢ = y?/n? independently of the basis, the meaningful figure is the Kunchenko
coefficient eg; = e;/e;, which falls below unity exactly when the nonlinear filter improves on the linear one. The
filter is memoryless and its synthesis algebraic, so the entire design problem is the choice of the generating family [6].

The default family is the power basis ¢@; = &!, whose body entries are ordinary moments. This makes the
construction transparent but ties it to a strong premise: a degree-s filter needs moments up to order 2s, so it
presupposes E{é25} < oo [7]. For heavy-tailed noise that premise fails outright: the high-order moments diverge, the
body is not even defined, and the filter does not exist. The breakage is worst exactly where a nonlinear filter would
help most. It is a defect of the generating mechanism, not of the Kunchenko space, and it argues for elements whose
body survives on far weaker assumptions. One way to obtain this is to bound the elements; another, pursued here, is
to let them grow, but only sub-polynomially, so that extreme observations are damped rather than magnified.

This paper studies a generating mechanism built from compression. Retaining the linear seed ¢, = &, the
nonlinear elements are the odd, monotone functions ¢; = sign(é)log =*(1 + |¢]), i = 2, which grow more slowly
than any positive power of |£|. The sign(§) factor preserves the odd symmetry that keeps the signal cross-correlation
E{s ¢,;} non-degenerate, while the slow growth bounds the second moment of every element by Var(¢§): the body is
finite whenever the noise has finite variance, with no appeal to any higher moment, so it cannot diverge on a heavy-
tailed input. The odd symmetry also fixes the mechanism’s scope: the family is matched to symmetric disturbances,
and within them it is sharpest where the mass is pushed toward a bounded interval with light tails (platykurtic and
multimodal laws), since a slowly growing nonlinearity discriminates inter-mode structure that smoother families
average away.log(1 + |&|) are strongly collinear, so the body is severely ill-conditioned and must be solved under
Tikhonov regularisation with a cross-validated ridge. We therefore report the mechanism as a regularised estimator
rather than as an unregularised normal-equation solution.

We restrict attention to the logarithmic (compressive) mechanism and benchmark it against the Wiener linear
filter. Our contributions are as follows.

. Basis-agnostic synthesis. We formulate the inertialess filter (1) and its normal system F?h = R?¥
neutrally to the choice of elements, so the compressive family is an instance of a single design recipe.
. A compressive, moment-free generating family. We introduce the odd sub-polynomial elements

sign(&)log =1 (1 + |€|) and prove that their body is well defined under finite variance alone (Fig.1), so the filter exists
on arbitrarily heavy tails, including Student-t laws whose power-basis counterparts diverge.

. Tikhonov-regularised synthesis of an ill-conditioned body. We characterise the near-collinearity
of the compressive elements, show it produces condition numbers of 6x10* - 9x10°, and stabilise the normal system
with a cross-validated ridge, reporting the regularised efficiency together with its convergence behaviour (Fig. 2).

. Superiority on symmetric noise. Across asymmetric, heavy-tailed, multimodal/platykurtic and
extreme heavy-tailed classes we report e 1 with 95% bootstrap confidence intervals (Fig. 3, Table 1). The mechanism
improves on the linear filter on every symmetric class and is most effective on the multimodal/platykurtic class C; on
the asymmetric class A it barely improves at all, because the odd elements capture skew inefficiently. The compressive
mechanism is the better filter across the symmetric classes, most decisively on the platykurtic/multimodal one(e, ; —
0.854) and the advantage widens at low SNR, to e5; = 0.729 at ¢ = 0.25.

. Verified theory. The held-out empirical e, matches the oracle computed from the population body
to within the bootstrap interval wherever the regularised system is solved, and approaches it from above as the sample
budget grows.

The present paper’s distinct contribution is the compressive, regularisation-based mechanism and its
identification of symmetric disturbances as the regime in which sub-polynomial, odd compression is the right
generating shape

Section 2 fixes the additive non-Gaussian model, the generating-element space and the figures of merit.
Section 3 constructs the logarithmic basis, proves its finite-variance validity and analyses its conditioning. Section 4
reports the Monte-Carlo study against the Wiener benchmark, emphasising the symmetric regime and its
platykurtic/multimodal cornerand the low-SNR amplification. Section 5 discusses why the compressive shape matches
platykurtic noise and how the Tikhonov stabilisation behaves; Section 6 concludes.

Synthesis in a generating-element space
Observation model and the inertialess filter. Throughout we observe the scalar additive mixture
E=s+n, s~N(@0,x%, E{n}=0, sin, )
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a zero-mean Gaussian signal s corrupted by a zero-mean, independent, non-Gaussian disturbance n, with
x? = Var(s), m? = Var(n) and signal-to-noise ratio:
§q = x*/m?. 3)
A linear functional of ¢ realises the Wiener filter [1] and is optimal only under Gaussian n; when n is non-
Gaussian a nonlinear functional can do strictly better [4, 5]. We therefore admit an ordered family of generated
elements:

¢1 (f)' e (pm(f) € LZ' (21 (f) = f! (4)

$=ho+ X2 hi 9:(5), (5)

the pinning ¢, = ¢ ensuring the Wiener estimator is always recoverable as a special case [5, 6]. The

remaining elements are the design freedom; in this paper they are the compressive logarithmic elements of Section 3.
Mean-square error, unbiasedness and the normal system. Unbiasedness E{$} = 0 fixes the offset:

ho = = XL hi E{p}, (6)

so the estimate runs over the centred elements @; = ¢; — E{¢;}. With {(a, b) = E{ab}, the mean-square error

and form

is

8(h) = E{(s — §)?} = x* — 2h" RY + hTF¥h, o
with the cross-vector and the covariance body
8RY; = E{s ¢;} = Cov(s, p)), E7 = Cov(gy, ¢))- (8)

Stationarity of (7) yields the normal system:
F? h = R? 9)
equivalently the orthogonality of the residual to the centred span. F? is a Gram matrix, hence positive
semidefinite; for a linearly independent family it is invertible, h* = (F®)™1R?, and the irreducible error is
Smin=x>—Jo»  Js=(R?)(F®)'R? € F? h = R?[0,x2]. (10)
For a near-collinear family — as the compressive elements will turn out to be — the invertibility in (10) is only
nominal: F? is severely ill-conditioned and (9) is solved under the Tikhonov surrogate (F? + AI)h = R¥ with a cross-
validated ridge A, the central numerical theme of Section 3.
Efficiency measures and the Wiener anchor. A synthesis is graded by the residual fraction:
es=5’;%=1—§6(0,1], (11)
smaller being better. The single element ¢, = & gives Ff’; = x? +n?, Rf , = x?, and the basis-independent

Wiener efficiency:
—_m _ 12
€1= x2+m2  1+q (12)
Normalising by this anchor gives the Kunchenko coefficient of useful processing (KUKP) [6]:
es
€1 =, = (1+q)e; <1, (13)

strictly below unity when some centred element carries information about s absent from &. Under Gaussian
n the pair (s, ) is jointly Gaussian, the optimal estimator is linear, and e;; — 1: the KUKP measures departure from
Gaussianity through the chosen basis [2, 3]. It is the only benchmark used in this paper; we compare the compressive
filter against the Wiener filter and report when it wins.

Proposition (Form-invariance). For L = span{1, ¢4, ..., @, }, the estimate § is the orthogonal projection of
s onto L; hence ] and eg depend only on £, invariant under any nonsingular reparametrisation ¢p = A¢@. Since ¢, =
¢ is common to every family, the Wiener anchor (12) is basis-independent, and

argmineg; = argmaxJs. (14)
family family

Proof. Under ¢ — A, F® — AF®AT, R? » AR®, leaving | unchanged.

The efficiency J is thus a property of the subspace, but the conditioning of F¢ is not: it depends on the
particular spanning set, and the compressive family is the cautionary case — a subspace that carries useful information
but is spanned by an almost-degenerate set, so that realising its theoretical e, requires the regularisation introduced
below.

The Gaussian-signal cross-correlation identity. Because s is Gaussian and independent of n, Stein’s identity
gives the R-vector for any differentiable element through its first derivative,

aRy; = E{s 9;(5)} = x? E{g{(H)}. (15)

For ¢, = & this returns Rf 1 = x?, recovering (12). For the compressive family, (15) together with the
second-order body (8) is enough to show that neither side of the normal system invokes any moment of & beyond
those carried by the elements themselves — which, for the sub-polynomial logarithmic elements, are all controlled by
Var(¢). The entries are then evaluated by quadrature against the Gaussian — s x noise law, or by sample moments.

The logarithmic generating mechanism
The compressive mechanism replaces oscillation by slow growth. Retaining the linear seed ¢; = ¢, it
appends the odd, monotone elements:
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@; =sign(log™ " (1 +[E]), =2 (16)
so that ¢, = sign(&)log(1 + [€]), @5 = sign(&)log?(1 + |€|), and so on. The factor sign(¢) preserves the
odd symmetry required for the signal cross-correlation E{s ¢;} to be non-degenerate, while logi=*(1 + |£|) grows
slower than any positive power of |¢|; extreme values of the observation are therefore damped toward a bounded
range rather than stretched further out, which is the geometric reason the family is well matched to noise of bounded,
light-tailed spread (Section 4). Their shapes are shown in Fig. 1. The linear seed ¢; = & followed by the odd,
monotone, sub-polynomial elements sign(é)log=*(1 + |&]), which compress rather than amplify the tails.
Finite-variance validity. The sub-polynomial growth is exactly what secures a finite body under second-
moment information alone. For every € > 0 there is a constant C; . with log?(~D (1 + |€]) < C;. (1 + |€]€), hence
E{p?} = E{log? D (1 + [§])} < Ce(1 + E{J§]P < o0 (17)
already at € < 2, i.e. whenever Var(§) < oo. Every entry of Fljp = Cov(¢;, ®;) and, via Stein’s identity (15)
of the cross-vector is therefore well defined for arbitrarily heavy tails, including Student-t laws whose power-basis
counterparts diverge [3, 7]. The cross-vector follows from the even, bounded derivative

reey — i 1y logTPa+gD ® _ 20 log"2(1+[¢])
R R O () e (18)

evaluated by quadrature against the Gaussian — s X noise law or by sample moments. This finite-variance
validity separates the logarithmic family from the power basis, whose order-k body requires E{¢%¥} < oo and loses
well-posedness in the impulsive regimes that motivate robust filtering [2; 3].

Generated elements ¢;(&) (¢1 = &)

log
6 _
— X
4 1 = sgn*log(1l+|xi|)~1
- sgn*log(l+|xi|)~2
2 J|=— sgn*log(l+|xi|)~3
(%)
= 0
S
-2 4
-4 4
_6 L) L)
-2 0 2

3

Fig. 1 Generated elements ¢;($) of the logarithmic family

empirical es = oracle theory (dotted) as N grows

=&~ log (empirical £SD)
os94 | e oracle es=1—Ji/x?

0.58

0.57 A1

ory 0.561
0.56""

approximation coefficient e

0.55 A1

0.54 4

103 104
sample size N (log scale)

Fig. 2 Convergence of the held-out empirical e to the theoretical (oracle) value (dotted) as the sample size N grows (class B, s = 4, q =
0.5).
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The conditioning cost and its remedy. Finiteness of the body and its numerical stability are independent properties,
and the compressive family secures only the first. The elements (16) are strongly collinear — successive integer powers of a
single slowly varying function log(1 + |£€]) differ little over the support of a finite-variance ¢ — so the covariance body
crowds its small-eigenvalue end and is severely ill-conditioned: at order s = 4 we measure cond(F¢) ~ 6x10* - 9x10°
across the noise classes of Section 4, growing steeply with order (Table 1). A naive inversion of (9) is then dominated by
noise in the small directions and the empirical coefficients h have inflated variance. We therefore solve the regularised
system
(F® + A) h = R?, (19)
with the ridge A chosen by held-out cross-validation, which damps the unstable directions at the price of a
controlled bias and recovers a stable estimator. We report the compressive results as Tikhonov-stabilised throughout
and regard the explicit ridge as the defining methodological cost — and feature — of the mechanism: the slow growth
that lets the family compress platykurtic structure is the same property that makes its powers near-degenerate, so
regularisation is intrinsic to the construction, not a patch on it. The empirical efficiency of the stabilised system
approaches its theoretical value only slowly, and from above, as the sample budget grows (Fig. 2). The ill-conditioned
logarithmic body, solved under Tikhonov regularisation, converges slowly and sits above the oracle at every simulated
N; this slow convergence is a direct consequence of the conditioning and is quantified in Section 4.

class A class B class C class D
B3=0.90, y4=0.78 B3=-0.05, y4=9.72 PB3=0.01, y4=-1.62 B3=0.06, y4=4.90

1.04

0.9 1

0.844 0.851

0.8 1

0.74

0.6 -

KUKP ey, (lower=better; >1 worse than Wiener)

e e ) %

=y

ig. 3 KUKP e, ; of the logarithmic basis by noise class with 95% bootstrap CIs (q = 0.5) (dashed line: the Wiener linear filter (e, =
1)).

CWRU carrier + controlled platykurtic noise, log basis s=4

1 .- K S s P HO-HLLL
—e
0.95 A
~ 0.90 A
<t
)
< 0.85 1
5
v
0.80 A .
noise law
0.75 - uruform
—&— bimodal
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
q = Xx2/m2

Fig. 4 Controlled experiment on a real carrier: KUKP e, ; of the logarithmic basis against q for two controlled platykurtic disturbances
— bimodal (class C) and uniform — on a real CWRU bearing carrier, with 95% bootstrap confidence intervals. (dashed line: the Wiener
linear filter (e, ; = 1)).

Monte-Carlo verification
We verify by simulation that

. the oracle information functional J¢ of the compressive basis is reproduced by the Tikhonov-
stabilised held-out estimator
. the mechanism is the better filter on platykurtic/multimodal noise, with the advantage widening as

the signal-to-noise ratio falls.
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Protocol. The mixture is § = s + n with a Gaussian signal s ~ N (0, y?) and an independent zero-mean non-
Gaussian disturbance n. We sweep q = y2/n? € {0.25,0.5,1} and four disturbance shapes spanning complementary
corners of the (f5,7,) plane:

. Class A — asymmetric, finite moments (5; = 0.90, y, = 0.78);

. Class B — symmetric heavy-tailed with finite moments (83 = 0, y, = 9.72);

. Class C — multimodal / platykurtic (53 = 0, y, = —1.62);

. Class D — extreme heavy tail, Student-t with 5 degrees of freedom (B; = 0, y, = 4.90).

The compressive body is taken at order s = 4: ¢, = & and ¢@; = sign(&)log =1(1 + |€]), i = 2,3,4. Each
configuration runs 100 independent replications of 8000 samples, seeded globally at 20260517. To avoid the
optimistic bias of in-sample evaluation, every replication is split: the body Fl;p = Cov(¢;, ¢;) and the cross-vector
Rf ; = E{s ¢,} are estimated on a training half, the regularised system (F? + AI)h = R¥ of (19) is solved with the
ridge A fixed by held-out cross-validation, and the relative residual error e, = 1 — J;/x? is measured on the held-out
half. The oracle theory value uses the population F¥ and R? computed by quadrature from the known law of each
class. All comparisons are reported through the KUKP e, ; = e/e; against the basis-independent Wiener benchmark
e; =1/(1+q) [1]; e;1 < 1 means the compressive filter beats the linear filter. Uncertainty is quantified by 95%
bootstrap confidence intervals (B = 2000 resamples).

Theory, conditioning and convergence. Table 1 reports the oracle and held-out empirical KUKP at g = 0.5
(lower is better; 95% bootstrap CI in parentheses) and the conditioning of the body. The Wiener linear filter is e, ; =
1. Where the regularised system is solved, the empirical estimate reproduces the oracle to within the bootstrap interval,
approaching it from above (Fig. 2). The conditioning column quantifies the cost analysed in Section 3: cond(F?) ~
6x10* - 9x10° at order s = 4, and the order progression in the same data shows it climbing steeply as successive
powers of log(1 + |€]) are added (e.g. from ~ 10> ats = 2 to ~ 10° at s = 4 on class A). This near-degeneracy is why
the empirical curve in Fig. 2 converges slowly and sits visibly above the oracle at every simulated N: the near-
collinearity inflates the variance of h, and only the Tikhonov ridge keeps the solution stable. The compressive
mechanism therefore pays for its finite-variance validity in convergence speed, and we report it as a regularised
estimator throughout. The mechanism’s regime is the symmetric one, with the platykurtic/multimodal class C its
sharpest corner.

Table 1
Logarithmic basis at s = 4, ¢ = 0.5: oracle vs. Tikhonov-stabilised held-out KUKP e, ; and the conditioning
of the body.

Class (B3, v4) e,1 (theory) ey, (empirical, 95% CI) condF? vs. Wiener
A (0.90, 0.78) 0.989 0.992(0.990,0.995) 2.4 % 10° marginal

B (0, 9.72) 0.843 0.844(0.841,0.847) 6.0 x 10* beats

C (0, —1.62) 0.851 0.851(0.847,0.854) 8.7 X 10° beats (regime)
D (0, 4.90) 0.960 0.962 (0.958,0.965) 6.3 x 10* beats

The symmetric regime. Figure 3 gives the per-class verdict at ¢ = 0.5. The compressive mechanism is the
clear winner on the multimodal/platykurtic class C (e, = 0.851): its slowly growing, sign-preserving elements track
the inter-mode structure that the linear filter does not use, so here the compression is decisively well matched to the
noise. It also beats the Wiener filter on the heavy-tailed classes B (0.844) and D (0.962). On the asymmetric class A,
by contrast, it is only marginal (0.992, barely below the linear bound): a purely compressive, odd-symmetric body
captures skew inefficiently. The operational reading is clear: adopt the compressive basis when the disturbance is
symmetric, where the odd, sign-preserving shape is the right one and its conditioning cost is worth paying, and expect
the widest margin on the platykurtic or multimodal corner.

Amplification at low SNR. The advantage on the compressive regime grows as the SNR falls, the
operationally important direction since a Wiener filter has least to offer there. Repeating the protocol at g = 0.25, the
logarithmic filter on the multimodal class Creaches eg; = 0.729, a 27% reduction in residual variance over the linear
filter, against its 15% margin at ¢ = 0.5. The compressive mechanism thus recovers an increasing share of the non-
Gaussian structure that the linear estimator discards exactly as the problem becomes harder.

The body never diverges. Finally, the structural payoff established in Section 3: because the elements are
sub-polynomial, every entry of F? and R? exists under finite variance alone, so the normal system is well posed
across all four classes and all three SNRs, including the extreme heavy tail of class D, where y, = 4.90. This is the
sharp contrast with the power basis, whose centred-moment body requires moments up to order 2s and diverges on
heavy-tailed disturbances [3, 7]. The compressive mechanism pays for its generality only in conditioning; it never
fails to exist.
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A controlled experiment on a real carrier. To test the mechanism beyond the purely synthetic protocol, we
repeat the evaluation with a real carrier signal and a controlled disturbance. The signal s is an N = 8000-sample
segment from the CWRU normal bearing baseline recordings (files 97, 98, 100, channels DE and FE), i.e. a realistic,
non-Gaussian shape; the disturbance n is a controlled platykurtic law with known y, < 0, scaled to g € {0.25,0.5,1}.
We use two laws: a uniform U(—a, a) (y, = —1.2) and a symmetric bimodal mixture (class C, y, = —1.62). The
held-out protocol is unchanged: each row uses 100 held-out replications with the Tikhonov ridge fixed by an internal
validation split, training and test windows are distinct (no leakage), the Tikhonov ridge is fixed by an internal split,
and the KUKP is reported against the fitted linear filter with 95% bootstrap CIs; since the evaluation is empirical, the
carrier’s non-Gaussianity requires no change to the derivation.

Table 2 and Fig. 4 confirm the synthetic finding on a real carrier: for both laws e,; < 1 (indicates an
advantage over the fitted linear filter) at every q, and the 95% CI excludes unity. For both laws the mechanism beats
the linear filter at every g, most strongly on the bimodal disturbance. The advantage is largest on the bimodal
disturbance: e, ; = 0.853 at ¢ = 0.5, almost exactly reproducing the synthetic class C result (0.851), and widens to
0.725 at g = 0.25. The uniform disturbance, platykurtic in excess but unimodal, gives a consistently smaller, though
still reliable, advantage (0.950 at ¢ = 0.5). The result does not depend on a single file or channel (e, ; < 1 on all six
sources), the ridge never hits the grid ceiling, and the fitted linear filter matches the Wiener benchmark e; = 1/(1 +
q), so the KUKP is clean.

Table 2
Controlled experiment on a real carrier: the carrier is a CWRU normal baseline recording, the disturbance a
controlled platykurtic law, logarithmic basis s = 4.

Disturbance law q Va condF? e, (95% CI)

bimodal 0.25 —-1.62 8.3 x 10° 0.725(0.723,0.728)
bimodal 0.50 —-1.62 9.2 x 10° 0.853(0.852,0.855)
bimodal 1.00 —-1.62 1.0 x 10° 0.949 (0.948,0.950)
uniform 0.25 -1.20 6.5 X 10° 0.926 (0.925,0.927)
uniform 0.50 -1.20 7.8 x 105 0.950(0.949,0.951)
uniform 1.00 -1.20 9.3 x 10° 0.979(0.979,0.980)

Discussion

Why compression matches symmetric noise. The compressive mechanism earns its place on a specific
distributional geometry, and the odd symmetry of the elements is what delimits it. A sign-preserving odd family is
orthogonal to the skew of the disturbance, so it can only exploit structure that survives reflection about the mean —
which is why it improves on the linear filter on every symmetric class and stalls on the asymmetric one. Within the
symmetric family the gain is largest where the bulk is informative.platykurtic and multimodal regime, y, < 0 at low
skew), the informative structure lives in the shape of the bulk, in particular in the spacing of resolvable modes, not in
the tails. A slowly growing, sign-preserving nonlinearity sign(é)log =*(1 + |€]) is sensitive precisely there: it varies
appreciably across the central region while flattening toward the extremes, so successive elements pick out gradations
of the inter-mode structure that a smooth, broadly supported family averages out. This regime is singled out in [8]:
under negative excess kurtosis the optimal L, filter with p # 2 outperforms Wiener, and medley filters [9] and
sequential filters for uniform noise [10] confirm this independently. This is the mechanism behind the class C result
(eq1 = 0.851atg = 0.5,0.729 at ¢ = 0.25), and it is the reason we recommend the compressive basis for symmetric
disturbances, and within them expect the largest margin on the platykurtic/multimodal corner. On asymmetric noise
is regime-bound, not universal [11, 12].

Regularisation as a defining feature, not a patch. The body is severely ill-conditioned, cond(F?¥) ~ 6x10*
-9x10° atorder s = 4, and this is the direct shadow of the property that makes the mechanism useful, not an incidental
cost. The slow growth that lets log"~*(1 + |&|) compress platykurtic structure is exactly what makes its successive
integer powers nearly collinear over the support of a finite-variance &, so the covariance body crowds its small-
eigenvalue end. The link between the condition number, the tails of the distribution, and the convergence rate of the
Gram matrix to its population value is described in [13]; spectral frameworks [ 14] quantitatively relate the regulariser’s
eigenvalues to the stability of the solution. We therefore build the Tikhonov ridge (19) into the synthesis itself: the
cross-validated A, chosen following the methodology of [15, 16], damps the unstable directions, trading a controlled
bias for a large reduction in the variance of h, and it is what lets the regularised empirical e, track the oracle (Table
1). The price is paid in convergence speed: the regularised curve approaches the theoretical value from above and
more slowly than a well-conditioned mechanism would (Fig. 2), but never in the existence of the filter, which is
guaranteed by finite variance alone. We therefore present the mechanism consistently as a regularised estimator
throughout.
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Finite-variance validity. Underneath the conditioning story is a structural guarantee the power basis does not
enjoy. The body is finite under the single assumption of finite variance: because the elements grow more slowly than
any power of &, the entries are dominated by E{?} = y? + 7?2 and exist whenever the variance does, so no high-order
moment is ever required to populate F¥h = R®. Recent developments of moment-free Kunchenko stochastic
polynomials via the empirical characteristic function [17] confirm that finite variance is the natural minimal
assumption for generating-element filters. This cures the moment problem that limits the monomial basis, whose entry
Cov(&,&7) calls on the moment of order i + j and drives the body toward divergence on a Student-t or strongly
leptokurtic law [11, 3]. The compressive family is consequently a valid generating mechanism on arbitrarily heavy
tails, recovering, inside the Kunchenko stochastic-polynomial programme [4, 5, 18], the robustness that higher-order-
statistics signal processing [3], M-estimators [2, 11, 19, 21], and L, -filters [11] pursue by other means.

Negative excess is not a sufficient condition. The controlled nature of the disturbance in Section 4 matters,
and the boundary deserves stating explicitly. We checked two sources of raw real noise with many platykurtic
windows: the MIT-BIH NSTDB noise records (baseline wander, electrode motion, muscle artifact; up to 83% of
windows with y, < 0) and the CWRU baseline recordings themselves, used as the disturbance. In neither case does
the logarithmic filter improve on the fitted linear filter: with a correctly tuned ridge, the KUKP stays at ~ 1.00 - 1.03.
Negative excess kurtosis alone is therefore not a sufficient condition for an advantage. The compressive mechanism’s
benefit appears when the platykurtic or multimodal shape of the disturbance creates a nonlinear structure in the
conditional mean that the linear filter does not capture (as in the mode-separated disturbance of class C), not whenever
the excess kurtosis happens to be negative. This is why the real-data experiment is built as a controlled one: it tests
the mechanism on a realistic signal shape without ascribing the required noise structure to any particular dataset.

Limitations and outlook. Four limitations bound the scope. First, the closed-form R? rests on the Gaussian-
signal assumption s ~ N (0, y?); the body is distribution-free in the signal, but the cross-correlation would need re-
derivation for a non-Gaussian s. Second, the filter is inertialess: it exploits the marginal non-Gaussianity of the noise
but none of its temporal correlation, and an inertial extension coupling the compressive mechanism with a Wiener-
type spectral stage [1] is the natural next step. Third, the verification is mostly synthetic: the controlled experiment on
a real carrier (Section 4) confirms the mechanism on a realistic signal shape, but a fully uncontrolled real disturbance
matched to the regime remains the most valuable future test, and the one we would prioritise. Fourth, the ridge A is
selected by held-out cross-validation; a data-driven joint selection of order and ridge that minimises e, subject to a
conditioning budget would make the mechanism fully self-tuning and is left open.

Conclusions

This paper has developed the polynomial inertialess filter § = hq + X; h;;(§) for the compressive
logarithmic generating mechanism of the Kunchenko space — the linear seed ¢, = & followed by the odd, monotone,
sub-polynomial elements ¢@; = sign(¢) log©=*(1 + |¢|) — and benchmarked it against the Wiener linear filter through
the KUKP e;; = e;/e;. The main results are as follows.

15. Why the normal system exists at all. The odd sub-polynomial elements sign(&)log =1 (1 + |£]) keep
the body F?h = R? purely second-order, with the cross-vector following from the bounded derivative (18) via Stein’s
identity. Because every element grows slower than any power of &, each entry of F? and R? survives on finite variance
alone (inequality (17)), so the filter is defined on arbitrarily heavy tails, including Student-t laws whose power-basis
counterparts diverge; no high-order moment is ever invoked, which is what sets this family apart from the power basis.

16. What that buys costs numerically. The same slow growth that keeps the body finite also makes
successive elements strongly collinear, so F¢ is severely ill-conditioned (cond(F?) ~ 6x10* - 9x10° at s = 4,
growing with order). We stabilise the normal system with the cross-validated ridge (19) and treat it as part of the
mechanism’s design, not an add-on that patches over instability.

17. Where it pays off, on synthetic and real carriers alike. At q = 0.5, s = 4, the compressive filter
beats the Wiener benchmark on the multimodal/platykurtic class C (e,; = 0.851) and on the heavy-tailed classes B
(0.844) and D (0.962), and is only marginal on the asymmetric class A (0.992); the class C margin widens at low
SNR, to e;; = 0.729 at q = 0.25. A controlled experiment on a real CWRU bearing carrier (Table 2, Fig. 4)
reproduces the same regime (e, = 0.853 on a bimodal disturbance, g = 0.5), whereas raw real noise with y, <0
(NSTDB, the CWRU baseline recordings themselves) gives no advantage: what matters is the disturbance’s shape,
not its excess kurtosis alone.

18. And the theory holds up. Wherever the regularised system is solved, the held-out empirical e
matches the oracle within the bootstrap interval, approaching it from above (Table 1, Fig. 2); that slow, ridge-mediated
approach is exactly what the conditioning in point 2 predicts.

Taken together, these results identify the logarithmic basis as a compressive specialist: a finite-variance-valid
generating mechanism whose sub-polynomial shape is decisively well matched to symmetric non-Gaussian noise, and
sharpest on its platykurtic and multimodal corner, at the cost of an explicit Tikhonov regularisation that the
mechanism’s own geometry makes unavoidable (Figs. 1, 2, 3).

What we take from this is not that the compressive basis should replace the Wiener filter generally, but that
it is the right tool for a specific, identifiable regime. The natural next step is an adaptive switch that selects the
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compressive mechanism from the estimated (f3,¥,) coordinates of the disturbance, deploying it precisely on the
regime where its compression pays [4].

Data and code availability

The complete implementation of the compressive logarithmic generating mechanism, the Tikhonov-
stabilised  synthesis (19) and every experiment reported here is openly available at
https://github.com/SZabolotnii/DSGE_PIF-code-supplement under the MIT licence. The repository provides the
basis-agnostic solver of the normal system (9), the acceptance gate that verifies the order-1 reduction to the Wiener
filter and the convergence of the empirical KUKP to its oracle value, one entry point per experiment, and the reference
result files together with a verification script that compares a fresh run against them. All runs are seeded globally at
20260517 and are therefore deterministic and reproducible. The datasets are not redistributed: the CWRU bearing
baseline recordings and the MIT-BIH NSTDB noise records are downloaded from their original sources on first run,
and their identifiers and licences are documented in the repository.
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[Tasio KJIOIIOTOBCHKUM

Yepracbkuii 1ep>kaBHUN TEXHONOTTYHUN YHIBEPCHTET

Cepriit 3ABOJIOTHII

Yepkacbkuii aepxaBHUN 0i3HEC-KOIESIK

KOMIIPECHUBHI JIOT APU®MIYHI ITOPO’)KEHI EJIEMEHTH JIJISI
BE3IHEPHIMHOI ®LIbTPAIII CUMETPHYHUX 3ABAJL

P0o3BUBAETLCS NOIIHOMIATIbHIM OE3IHEDLIVIHUA QGiNIbTP A1 BIAHOB/IEHHS [ayCOBOIrO CUIHaMy 3 aANTUBHOIO HEraycoBoro
LIYMY B MEXKaX anapary po3kiasy KyHYEeHKa, puyoMy 3a rMopoLIKEHI ESIEMEHT 0BPaHO KOMITPECHBHE, Cybro/iHOMIa/IbHE CIMEHCTBO:
1ic/1s1 0608 S3KOBOIO JIHIHOrO €/1eMeHTa — HENapHi MOHOTOHHI eniemMeHTY . OCKI/IbKM Ui €/IEMEHTU 3POCTAK0TH MOBIIbHILLE 33 6Y/b-
SKY CTENiHBL , BOHU CTUCKAKOTB, @ HE MIACUIIOITE XBOCTY, | HODMAE/IbHA CUCTEMA CUHTE3Y CKIHYEHHA TO4, KO/ LLYM MAE Camy JMLLE
CKIHYEHHY ANCIIEPCIIO — KOAEH MOMEHT IMOHaA APYroro Hikom He MOoTPIiOeH, TOX TifIo HE MOXE «PO36IrTUCS» Ha BaXKUX XBOCTAX.
L{iHoto Liei yHIBEPCA/ILHOCTI € YNCETbHICTD. MOCTIAO0BHI CTENEHI MOBIILHO 3MIHHOI QYHKLIT CH/IbHO KOIIHEAPH], TOX Ti/lo BKpau rnoraro
06YyMOB/IEHE U PO3BA3YETLCA M PErynspu3saLliero TUXOHOBa 3 KPOC-BasliJoBaHNM rpe6EHEM. Mu roKa3yeMO, O LS KOHTPO/IbOBAaHA
LiHa [a€E repeBary Ha pexuiMi LWyMy, [0 SKOro KOMIpecuBHa @opma y3rogkeHa. Excriepumertv MoHTe-Kapsio 3 95% 6yrcrpern-
LOBIpYMU [HTEPBASIAMU, 3ICTAB/IEH] 3 JIIHIVIHUM QiyibTPOM BiHEPE YepE3s KoeilieHT KyHYeHKa , TOKa3ytoTb, IO JIOrapudMidHmi 6a3mnc
€ Kpawmm @IIbTPOM Ha MAaTUKyPTUYHOMY / MYyJ/IbTUMOLA/IbHOMY LUYMi, € HOro MoBiIbHO 3POCTao4a HEMHIVIHICTL PO3AITBHIOE
MDKMOZOBY CTPYKTYDY, K3 HE BIATBOPIOETLCA JliHiiHuM @inbTpom (= 0.851 at =0.5, posimproroumncs 4o 0.729 — a 27% CKOpoYEeHHS
3a/MLLIKOBOI ANCIIEPCIT HaZ JIHIVIHUM @iribTpom — 33 q = 0.25). KOHTPO/IbOBaHMH EKCIIEPUMEHT Ha PEeasibHOMy By3/i niguminHuka CWRU
3 IaTUKYPTUYHOKO 3aBALOI0 BIATBOPIOE Liev BucHoBoK (= 0.853 Ha 6iMogaribHivi 3aBagi 3a q = 0.5), To4i Sk cupmvi pearnbsHui wym
i3 cammum mLue Bifi' EMHUM EKCLECOM EPEBAI HE AaE — TOOTO BUIrPaLL 3YMOBJIEHMI CTPYKTYDOK 3aBagu, a He eKcLecoM. OCKifibku
E€/IEMEHTU HENAPHI Ta 3HAKO3OEDIra/IbHl, MEXAHIZM Y3rOAKEHNI (3 CUMETPUYHUMU 3aBafaMU K KIACOM: BiH MEPEBAXAE JIHIVIHM
@DinbTD Ha BCiX TPbOX POIITISHYTUX CUMETPUYHUX KIacax | A€ SIMLLE TDaHWYHMA BUMPaLL HE8 aCUMETPUYHOMY, A€ HEMAaPHa KOMITPECIS
HEEHEKTUBHO BJIOBIIIOE CKIC. TOMY MU DEKOMEHAYEMO /I0rap@MidHi 6a3nc 47159 CUMETPUYHUX HErayCcoBuX 3aBas, HaicnibHilLe —
Ha IX MIaTUKYPTUYHOMY Ta MyJlbTUMOAA/ILHOMY KYTi, [ 33HaYaEMO, IO CAMOIro JIMLLE Bifl EMHOIrO EKCLECY HEAOCTATHLO A/15 IEPEBAIM.

KIo40BI C/10Ba. CTOXaCTHYHI 10/IIHOMU,; AeKoMIo3nLia KyHYeHKa, GE3IHEPLIIVIHA HENIHIVIHa QIilbTpallis,; MmopoaXyBallbHi
EIEMEHT; JIOrapUPMIYHMA 6a3UC; CTUCKA/IbHa HEMIHIVIHICTb, /IOCKOBEDILUMHHMA LYM, MYJIbTUMOZA/IbHII LLYM, PEry/spu3alis
TUXOHOBAE, CUMETDHYHNA LLIYM, HErayCIBCLKUH LLIYM, BIAHOLLIEHHS CUIHAE/Y/LLYM.
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