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RIGHT-INVARIANT STEREO VISUAL-
INERTIAL ODOMETRY: REJECTION
THRESHOLDS AND NOISE SCALE

A mathematical model is presented of a visual-inertial odometry
filter built on a right-invariant error on the matrix Lie group SE,(3) with
appended inertial measurement unit biases, with landmarks eliminated by
projecting the residual onto the left null space of the Jacobian and with
measurements rejected by a normalised Mahalanobis distance. For every
element of the model the transition matrices, Jacobians and retraction are
given in both error conventions, the right-invariant and the classical
additive one, which makes it possible to isolate the effect of the convention
itself under otherwise identical conditions.

On five EuRoC MH sequences with four front ends arranged in a
2 x 2 design (two ways of tracking a point x two detectors: the learned
XFeat and the classical ORB), the separate and joint contributions of two
factors are measured: the error convention and the form of the rejection
rule. The widely used constant threshold is shown to correspond to a x*
quantile for a two-component measurement and not to agree with the
actual dimension of the projected residual. Replacing it by a quantile
threshold reduces the mean position error by 21.1, 23.4 and 20.2 % on
three front ends out of four: the best result of the grid is 0.136 m against
0.177 m with the constant threshold and 0.222 m with no rejection at all.
The contribution of the error convention is smaller, 2.4-10.0 %, and on
ORB with descriptor matching the ratio of the two factors reverses. At the
same time the same replacement, with the noise scale left unchanged,
causes a loss of solution in one configuration out of twenty (644.9 m),
which s removed by matching o (0.436 m) rather than by relaxing the
rule.

The scientific novelty consists in establishing that the form of the
rejection threshold and the adopted measurement-noise scale are subject
to joint rather than separate calibration: a threshold defined by a x?
qguantile at the actual residual dimension needs no tuned constant, yet
transferred without matching o it costs the solution. The practical value
lies in assigning the threshold without manual tuning and in the
quantitatively stated limits of transferability of settings between front ends.

Keywords: visual-inertial odometry, invariant Kalman filter, Lie
group, unmanned aerial vehicle, outlier rejection, EuRoC.

Introduction

Simultaneous localization and mapping remains one of
the central problems of mobile robotics, and survey work records
the shift of the field towards requirements of reliability and
reproducibility of results [1]. Visual-inertial odometry (VIO) is
the basic means of autonomous navigation for unmanned aerial
vehicles where satellite navigation is unavailable: position,
orientation and velocity are estimated from the readings of an
inertial measurement unit (IMU) and a sequence of images,
without an external positional reference [2]. The inertial channel
provides a solution whose error grows without bound, and the
visual channel is meant to bound that growth.

The dominant filter-based approach is the multi-state
constraint Kalman filter (MSCKF) [3], in which landmarks do not
enter the state but are eliminated at the update step, which gives a
cost linear in the number of features. Independently of this, the
theory of invariant filtering [4] has become established: the error
is defined not additively but through the action of a Lie group,
owing to which the linearized error dynamics ceases to depend on
the estimate itself.

Both solutions are described in the literature. Far less
studied is the question of how stable the gain from invariance is
with respect to the rest of the pipeline, primarily with respect to
the way features are obtained (the front end) and to the
measurement rejection rule. If the advantage of a convention
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changes sign when the front end is replaced, then a comparison carried out on a single configuration is not a ground
for an architectural decision.

Analysis of recent research and publications

The multi-state constraint filter was proposed in [3]: a sliding window of cloned poses, a landmark eliminated
by projecting the residual onto the left null space of the landmark Jacobian, and measurements rejected by a
Mahalanobis test. This scheme underlies most modern filter-based implementations, in particular OpenVINS [5] and
the stereo variant [6].

The theory of the invariant Kalman filter [4] shows that for systems on Lie groups whose dynamics are group-
affine it is appropriate to define the error as a group element: its linearized dynamics then does not depend on how
accurate the estimate currently is. For inertial navigation the corresponding group is SE,(3), which carries orientation,
velocity and position at once. The IMU biases do not fit into the group structure, so they are appended to the state
separately; such a construction is known as an “imperfect” invariant filter, and a residual dependence on the estimate
is retained in the blocks associated with the biases.

Pre-integration of inertial measurements [7] makes it possible to reduce all IMU readings between two frames
to a single relative increment together with its covariance, which makes the propagation step independent of the IMU
rate.

The line is still active and not settled. An equivariant filter has been combined with the multi-state constraint
structure [8], giving an alternative to the invariant formulation within the same elimination scheme, and consistency
conditions for nonlinear estimators, including visual-inertial odometry, have been derived in a transformation-based
framework [9]. It has also been argued that, once a reset step is included, the left- and right-invariant filters are in fact
identical [10], which shows that the choice of convention is still under discussion rather than closed. This is an
additional reason to measure its contribution empirically rather than to assume it.

The combination of these two solutions is already known: in [11] right-invariant error states are implemented
on top of OpenVINS, with the features decoupled from covariance propagation, which preserves the computational
advantage of the scheme with landmark elimination. This work therefore does not propose a new combination but
measures the limits of applicability of a known one.

What the listed works have in common is that each fixes a single feature-tracking scheme, so they provide
no data on the stability of their conclusions when the front end is replaced.

This work continues the authors’ own line. In [12] the suitability of the main Visual SLAM approaches for
autonomous robot navigation was analyzed, and in [13] visual-inertial SLAM based on the extended Kalman filter
was studied together with the effect of the ratio between motion-model and measurement noises on its accuracy. Here
that line is developed in two directions: the classical error convention is replaced by the right-invariant one, and the
effect of the settings is measured not on a single configuration but on a grid of four front ends.

Objectives and tasks

The objective of the work is to present the mathematical model of a right-invariant filter for stereo visual-
inertial odometry in a completeness sufficient for reproduction, and to measure the separate and joint effect of two
factors that are switched independently of each other within this model: the convention defining the state error and
the rule for rejecting measurements by a normalized Mahalanobis distance.

To reach the objective the following tasks were solved:

1. to build a state model on the matrix Lie group SE,(3) with appended inertial measurement unit
biases and to derive the transition matrices, measurement Jacobians and retraction in both error conventions, the right-
invariant and the classical additive one;

2. to examine the agreement of the widely used constant rejection threshold with the dimension of the
measurement and to build an alternative that agrees with it;

3. to measure the separate contribution of the error convention and of the form of the rejection rule
under otherwise identical conditions on four front ends arranged in a 2 X 2 design;

4. to find out whether the conclusions obtained transfer between front-end configurations and between
forms of the rejection rule itself.

Problem statement
Given a sequence of IMU readings {(wy,a,)} and synchronised stereo images, the trajectory {(R;, v,,p.)}
in a fixed frame has to be estimated together with the gyroscope and accelerometer biases by, b,,.
Within this work the model is built so that the factors are switches that change nothing else:

. the error convention € € {right,additive} affects exactly three places: the transition matrix, the
orientation block of the measurement Jacobian and the retraction;
. the rejection rule has three levels: off, the constant threshold 5.99m and the quantile threshold

)(Tznyo_gs; it affects exactly one place, the acceptance condition for the projected residual. Both non-zero forms use the
same Mahalanobis distance and differ only in how the threshold is assigned.
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The rest of the pipeline (pre-integration, triangulation, landmark elimination, window, noise covariances)
stays bit-for-bit the same. This is the “all else equal” condition, without which measuring the difference between the
conventions is meaningless.

Materials and methods
The state as an element of a matrix Lie group
The navigation state is written as a single matrix

R v p
X =043 1 0[€SE,(3),R€eS03),v,pe€R? @)
013 0 1
where matrix multiplication reproduces the composition of transformations. The full filter state
§ = (X, bg, ba, {(Ry, PO}, @

contains, besides X and the biases, N cloned poses of a sliding window. Landmarks are not in the state,
because they are eliminated at the update step by projecting the residual onto the null space, as described below; the
state dimension 15 4+ 6N therefore does not depend on the number of observed points.

The Lie algebra se, (3) is identified with R® through & = (59, & fp), and the exponential has the closed form

exPso(s)(fe) J1(€)Ey ](fa)fp
exp(§) = [ 0 1 0o | 3)
0 0 1

where expsg 3y is the Rodrigues formula and J is its left Jacobian.
Pre-integration of inertial measurements
Between adjacent frames k and k + 1 the IMU readings reduce to three increments [7]

ARy = Htksr<tk+1 €XPso(3) ((w‘r - bg)at)'dvk =24 Rk,r(at — bg)dt, 4)
Apy = To[Avi 6t + 1/2 ARy o (a, — by)5t?], (5)

which do not depend on the state at t;, and are therefore computed once. The state is propagated as
Ris1 = RiARy, Vyyq = Vi + gAt, + Ry Ay, Dyyy = Dy + Vi Aty + 1/2 gAtE + R Ap,,. (6)

The dependence of the increments on the biases is accounted for to first order through the Jacobians d 4/0 b,
so recomputation when the biases are updated does not require a second pass over the readings. The covariance of the
segment is transported into the fixed frame by the adjoint map Ady.

The right-invariant error and its dynamics

The error is defined right-invariantly, that is, as a group element

n=XX"1=exp(&),&=(56,6v,6p) €R®, (7)
in contrast to the additive definition, in which the orientation, velocity and position errors are treated as
independent vectors. Differentiating (7) along the dynamics v = Ra + g gives the linearised system
560 = 0,8v = [g].60,6p = v, (8)
which contains none of the estimates R, D, p and none of the readings &, &. In matrix form the navigation
block is

Anav =

0 0O
l9lx 0O 0] Ay =0, )
0o I 0
so the transition matrix is computed exactly as a second-degree polynomial, @ = I + AAt + 1/2 A?At?, with
no truncation of the series.
The columns that couple the error to the bias increments do depend on the estimate:
Asony = —R Asyp, = —[01R Asyp, = —[P1R Aspp, = —R. (10)
This is exactly the residual dependence on the state that the “imperfect” construction of the invariant filter
cannot remove: a bias is not an element of SE, (3), and appending it to the state inevitably brings R into the dynamics.
To claim complete independence of the transition matrix from the estimate, as is sometimes done, would be inaccurate;
what is independent is the navigation block (8), and it is this block that dominates.
The window clones are frozen at the propagation step, so the full transition matrix is block-diagonal, ¥ =
diag (D515, len), and the multiplication is carried out blockwise.
The classical additive convention
For comparison under otherwise identical conditions a second convention is implemented, in which the error
is defined additively and the rotation is applied by right multiplication in the body frame: R = R expso3)(60), v =
D+ 8v, p = P + 6p. Its linearised dynamics
86 = —[®]66 — 8by,6v = —R[4],,60 — RSb,, 6p = v (11)
contains both the orientation estimate R and the readings &, & themselves. Comparing (8) and (11) shows the
essence of the difference in a single line: in the first case the matrix is constant, in the second it is rebuilt at every step
from the current estimate. The consequence is that when the orientation error is large the additive convention linearises
the dynamics about a wrong point, which the right convention does not do.
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Since A in (11) is not nilpotent, the transition matrix is computed by a truncated series @ = [ + AAt +
1/2 (A4t)? + 1/6 (AAt)3.

The stereo camera measurement model

A landmark [ in the fixed frame, observed from a cloned pose (Rj, p j), is transformed into the camera frame
by a rigid transformation (R;, t;):

pf = Rt (R} (1= 1)) + ta = (1,1, 2)T, (12)
and the measurement is four-dimensional, two coordinates in the left camera and two in the right:
T
2= (£ X/Z+co f,Y/Z +c, f X —b/Z + ¢ f,Y/Z +¢p) (13)

where b is the stereo baseline. Let /, = 9 z/0 p® and B; = ],,Ra-RjT. The landmark Jacobian is the same for

both conventions, H]E] ) = B;, whereas the state Jacobian differs:
HY = [B[1], — B]right), HY = [J.R.[A;] - B;| (additive), (14)
where A; = R]-T(l - p]-). The difference is substantive: in the right convention the orientation column is
proportional to [l], that is, to the position of the landmark in the fixed frame, whereas in the additive one it is [ﬁj] o
the vector from the camera to the landmark. In the second case the sensitivity is bounded by the observation range, in
the first it is not.
Landmark elimination by projection onto the null space
Stacking the rows of (14) over all M views of a feature gives
r = Hx+ Ht+nn ~ N(,0%D). (15)
The landmark 7 is unknown and is not contained in the state. Let A be an orthonormal basis of the left null
space of H, that is, ATHf = 0; it is obtained from the singular value decomposition Hy = UX VT as the columns of U
corresponding to zero singular values. Multiplying from the left by AT gives
r,=A"r=H,x+A™n,H,=A"H,, (16)
a system from which the landmark has disappeared exactly rather than approximately. Since A is orthonormal,
the noise covariance keeps the form a2/, so the projection does not require recomputing the weighting matrix.
The geometric meaning of (16) matters for the next subsection: ATr is exactly the part of the residual that
cannot be explained by any landmark position. The reprojection residual does not have this property: a feature with a
wrong correspondence or on a moving object is triangulated successfully, only not at the right point in space, after
which its reprojections are consistent across views.
The number of rows of 7, equals NR-M — 3 and for long tracks exceeds the state dimension; QR

compression is then applied, H, = [Q;Q] T ,and only T and Q] r;, enter the update, which does not change the result
0

but makes the update cost independent of the track length.
Rejection by a normalized Mahalanobis distance
The projected residual (16) has its own covariance
S = H,PH] + 02, (17)
which accounts both for the state uncertainty and for the measurement noise. A feature is accepted into the
update if
m S i, 2
qa= “dimr, SVY = Xz005 = 5.99, (18)
and is rejected otherwise. By its name this is a normalized Mahalanobis-distance gate with a fixed threshold
of 5.99, not a classical y? test.

Two forms of the same statistic are used below, and it is worth separating them once. The unnormalized
Mahalanobis statistic is d = r,] S~'r,,, which under a correct model follows y2; the normalized one is ¢ = d/m, used
in (18) so that a single number can serve tracks of different length. The rule g < 5.99 is therefore equivalent to d <
5.99m, and it is this equivalent unnormalised threshold that is comparable with the classical xZ oo5. All comparisons
of thresholds below are stated for d.

Agreement of the threshold with the measurement dimension. The number 5.99 is the quantile x5 o5,
that is, a value for a measurement with fwo components, a monocular one. In the stereo setting there are four rows per
view, and eliminating the landmark removes three degrees of freedom, so

m = dimrn,, = 4M — 3, (19)

where M is the number of views in the track. The value m = 2 is unreachable by construction: already for

the shortest usable track, M = 2, we have m = 5. The classical criterion of the same confidence level takes the
threshold at the actual dimension, 1] S™*1, < x2, , 95, and since the quantile grows with m more slowly than a linear

function, the constant threshold 5.99m turns out to be substantially softer (Table 1).
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Table 1.

The constant threshold against the quantile one at the actual residual dimension

M m X095 5.99m softer by actual level

2 5 11.07 29.95 2.7 1.5-10°°
4 13 22.36 77.87 3.5 28-1071
8 29 42.56 173.71 4.1 1.4-10"%
12 45 61.66 269.55 4.4 9.0-1073*

The last column gives the probability of rejecting a correct measurement, that is, the significance level to
which the constant threshold actually corresponds. Since the number 5.99 is taken from a quantile of level 0.95, the
criterion ought to reject about 5 % of correct measurements; in fact it rejects from 1.5 - 1075 at M = 2 down to 9.0 -
1073* at M = 12, that is, the longer the track, the less it rejects. The constant in the numerator therefore makes the
criterion not only softer but also non-uniform: the strictness of the test depends on how many frames the feature has
lived. The quantile form removes this arbitrariness: the threshold needs no constant at all and agrees with the track
length by itself, through (19).

Below the two forms are compared as two levels of one factor: the constant threshold 5.99m as common
practice, and the quantile threshold x7, o o5 as a criterion that agrees with the dimension.

The criterion (18) acts afier landmark elimination, that is, on the same quantity ATr rather than on the
reprojection residual.

Update and retraction

The accepted rows are stacked into a common system and the standard Kalman update is performed

K=PHT(HPH" + ¢2)™Y,6x = Kr,P « (I — KH)P(I — KH)™ + Ko?KT, (20)
where the Joseph form is used to preserve symmetry and positive definiteness.

The way the increment &x is applied is determined by the convention. In the right convention it is a
multiplication from the left, consistent with the definition (7):

X < exp(8x;.9)X that isR « SRR, 0 « SR + 6v,p < SRP + 6, (21)

and the window clones are retracted in the same way, because their error is defined in the same frame. In the

additive convention the increment is applied component wise, R « Rexp50(3) (60), 0 « 0+ v, p <P+ 6p. The
biases are updated additively in both cases.

Mixing the conventions in even one of the three places (transition matrix, Jacobian, retraction) leads to a
silent divergence between the estimate and the covariance that is not revealed by any quantity other than consistency
measures. In the implementation, therefore, the two branches are switched by a single flag and partial combinations
are forbidden.

Computational cost

Since landmarks do not enter the state, the dimension of P equals 15 + 6N and does not depend on the
number of features, while QR compression removes the dependence on the track length. Both conventions cost the
same: the difference between them is in the content of the matrices, not in their sizes. The gate requires solving a
system of size dimr;, per feature, but it also reduces the number of update rows.

Experimental procedure

Data. Five EuRoC MH sequences (MHO1-MHO5) [14] are used: flights of a micro quadrotor in a machine
hall with a reference trajectory from a laser tracker and a motion capture system. The input consists of 20 Hz stereo
images and 200 Hz IMU readings; the filter receives no additional information about position, and the initialization is
self-contained.

Front ends. Four ways of obtaining features are compared, arranged in a 2 X 2 design: two ways of tracking
a point between frames, each with two detectors.

. tracking by optical flow (Lucas-Kanade): XFeat-1024+KLT with the learned detector [15] and
ORB-1024 +KLT with the classical one [16];
. tracking by descriptor matching: XFeat-1024 + desc and ORB-1024 + desc.

The design is needed to test transferability: by varying only the detector or only the tracking method one
cannot tell which of the two factors determines the behavior. Here both detectors are present in both branches, so
neither factor is tied to the other. Shi-Tomasi corners [17], often taken as the classical front end, do not fit into this
design structurally: they have no descriptor, so they cannot be crossed with the second tracking method; a control run
with them is mentioned in the results.

Metric. Let {p,}X_, be the reference positions and {p} the estimated ones. Since the estimator has no
external reference, the trajectories are first aligned by a rigid transformation that minimises the sum of squared
deviations:

(Rotl) =arg _min_ Vi, Ipe — RPe +0) I, (22)

RESO(3),teR3

after which the metric is the root-mean-square norm of the residual deviations
ATE3D = (1/K Ziioy 19 = RaPye + ta) 1Y%, (23)
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The scale in (22) is not fitted: the stereo baseline sets the metric scale, so fitting it would remove part of the
error that the metric is meant to measure.

Configuration. A window of N = 30 clones and ¢ = 1.5 px for all regimes without exception. A common
o is needed because tuning o separately for each cell would change two factors at once, and the separate contribution
of the rejection rule would be unmeasurable. The estimator is deterministic, so no stochastic repetition of the runs was
applied. The only departure from the common o is deliberate and described separately: in the configuration where the
quantile threshold loses the solution, ¢ is varied in order to find out whether the cause is the form of the rule or its
disagreement with the noise scale.

Results and discussion

The results of all one hundred and twenty cells are given in Table 2 and in Fig. 1. The rejection rule is
presented at three levels: no gate, the constant threshold 5.99m and the quantile threshold x7, s, both non-zero forms
acting on the normalised Mahalanobis distance and differing only in how the threshold is assigned. Every number is
a single run of a complete sequence at 0 = 1.5 px and N = 30; the best value in a row is set in bold. The mean for
ORB +KLT is marked with an asterisk and computed over four sequences: the cell in which the filter loses the solution
is excluded from the averaging, because otherwise the mean would lose its meaning. In Fig. 1 the two left panels
correspond to tracking by optical flow and the two right ones to descriptor matching; the scale is logarithmic and
clipped at 3 m, with values above it labelled by number.

Table 2.
ATE3D (m) on EuRoC MH by error convention and by the form of the rejection rule
right-invariant additive (EKF)

Front end Seq. none 5.99m X2 none 5.99m X2
XFeat- MHO1 0.492 0.415 0.315 0.527 0.422 0.322
1024+ KLT

MH02 0.186 0.191 0.148 0.194 0.203 0.162
MHO03 0.355 0.218 0.201 0.392 0.251 0.230
MH04 0.545 0.333 0.278 0.574 0.337 0.265
MHO05 0.592 0.528 0.387 0.622 0.544 0.402
cepeone 0.434 0.337 0.266 0.462 0.351 0.276
ORB- MHO01 0.550 0.487 645 0.569 0.496 0.383
1024 +KLT
MHO02 0.405 0.362 0.267 0.401 0.376 0.272
MHO03 0.247 0.214 0.175 0.294 0.277 0.206
MHO04 0.592 0.283 0.212 0.573 0.362 0.218
MHO05 0.577 0.564 0.481 0.494 0.536 0.498
cepedne” 0.474 0.382 0.284 0.466 0.409 0.315
XFeat- MHO1 0.120 0.114 0.126 0.110 0.105 0.128
1024 + desc
MH02 0.096 0.072 0.069 0.096 0.072 0.069
MHO03 0.129 0.106 0.134 0.156 0.124 0.159
MHO04 0.395 0.258 0.149 0.426 0.285 0.162
MHO05 0.369 0.335 0.201 0.349 0.320 0.213
cepedne 0.222 0.177 0.136 0.227 0.181 0.146
ORB- MHO1 0.148 0.106 0.101 0.165 0.124 0.119
1024+ desc
MHO02 0.120 0.112 0.112 0.135 0.119 0.119
MHO03 0.214 0.216 0.224 0.232 0.232 0.237
MHO04 0.168 0.167 0.168 0.169 0.171 0.173
MHO05 0.300 0.301 0.289 0.354 0.356 0.344
cepedHe 0.190 0.180 0.179 0.211 0.200 0.198
XFeat+KLT ORB+KLT XFeat+desc ORB+desc
E 10° 4 E E E
£
]
=
<
107t 4 E E E
MHOL MHO2 MHO3 MHO4 MHOS MHOL MHO2 MHO3 MHO4 MHOS MHOL MH02 MHO3 MHO4 MHOS MHO1 MHO02 MHO3 MHO4 MHOS

nogate  WEE constant5.99m W quantile X2, ;g5

Fig. 1. ATE3D by sequence for three forms of the rejection rule, right-invariant convention

The form of the threshold matters more than its presence. Moving from the constant threshold to the
quantile one gives more than introducing the gate did in the first place: the mean error falls by 21.1 % (XFeat+ KLT),
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23.4 % (XFeat+desc) and 20.2 % (ORB+KLT, without the diverging cell, see below), whereas on ORB + desc the
change of form gives nothing (0.8 %). The latter agrees with the rest of the measurements: on this front end the gate
rejects the least anyway, so a stricter threshold has nothing to remove. The constant 5.99, which corresponds to a two-
component measurement, therefore costs about a fifth of the accuracy wherever rejection works at all.

The gain is uniform on the flow-tracked branch and concentrated on the other one. A mean over five
sequences can hide the distribution, so Table 3 gives the median and the range together with the number of cells in
which the quantile threshold wins. On the two KLT front ends the improvement is present in every cell and the median
moves with the mean, by 16.6 and 25.7 %. On XFeat+ desc the picture differs: the quantile threshold wins in three
cells out of five, the mean gain of 23.4 % comes from the two hardest sequences (MH04 and MHO05, —42 and —40 %)),
and the median rises by 17 %. On ORB+desc the two forms are indistinguishable cell by cell (=5 to +4 %). The
mean improvement should therefore be read as uniform on the flow-tracked branch and as concentrated on the difficult
sequences elsewhere.

Table 3.
Median ATE3D (m) over the five sequences, right-invariant convention
front end constant 5.99m quantile )(51,0_95 cells won
XFeat-1024 + KLT 0.333 [0.191-0.528] 0.278 [0.148-0.387] 5/5
ORB-1024 +KLT" 0.322 [0.214-0.564] 0.239[0.175-0.481] 4/4
XFeat-1024 + desc 0.114[0.072-0.335] 0.134 [0.069-0.201] 3/5
ORB-1024 +desc 0.167 [0.106—0.301] 0.168 [0.101-0.289] 2/5

But the stricter threshold has a limit, and it is abrupt. In the cell ORB+KLT/MHO! with the right
convention the quantile threshold gives 644.9 m against 0.487 m for the constant one: the filter loses the solution. The
gate rejects 40699 features there, thirteen times more than in the neighboring cells. With the additive convention the
same configuration survives (0.383 m): the divergence is not a property of the threshold itself, it arises in the
interaction.

The divergence is removed by matching the noise scale, not by changing the form of the rule. The cause
is not that the threshold is too strict, but that it is strict for the adopted o. At o = 3 px the same quantile threshold
gives 0.436 m on the same cell, rejecting 2504 features instead of 40699, and at the same time it outperforms the
constant threshold at the same o (0.511 m). The gain therefore does not reduce to weakening the rejection by
increasing o: the quantile form is genuinely more accurate when the noise scale is matched to it. An alternative
explanation, that the divergence is seeded during the unsettled start, was tested and not confirmed: if the gate is not
switched on for the first 20 ... 200 updates, the error does not fall but grows (656—1785 m), and the rejection count
does not decrease but rises from 40699 to 56035.

No single noise scale serves the grid. To find out whether the interaction observed on one cell extends to
the rest, the whole grid was repeated at o = 3 px with the quantile threshold (Table 4). It does extend, but not in the
direction one might expect from the diverging cell alone: raising o repairs ORB+KLT and degrades everything else,
by 14.3 to 55.2 %.

Table 4.
Mean ATE3D (m) of the right-invariant convention at two noise scales
front end constant, 0 = 1.5 quantile, 0 = 1.5 quantile, 0 = 3 change
XFeat-1024 + KLT 0.337 0.266 0.304 +14.3 %
ORB-1024 +KLT" 0.356 0.284 0.341 +20.2 %
XFeat-1024 + desc 0.177 0.136 0.181 +33.5%
ORB-1024 + desc 0.180 0.179 0.278 +55.2 %

*without MHO1, so that the two scales are compared on the same four sequences. On MHO1 itself the ordering
is the opposite: 644.9 m at 0 = 1.5 against 0.436 m at ¢ = 3. The disagreement is therefore not between a front end
and a scale but between a sequence and a scale: within one front end, one sequence requires ¢ = 3 while the remaining
four are 9 to 39 % worse at that value.

Hence the main practical statement of the work: the form of the threshold and the adopted measurement-
noise scale are not amenable to separate tuning. Transferring one component without the other, that is, taking the
classical criterion while keeping ¢ from the previous setting, costs the solution; but neither is there a single scale that
suits the whole grid, so the pair has to be chosen per configuration rather than once for the method.

The contribution of the convention is smaller and does not transfer. The right convention is better than
the additive one by 4.1, 8.2, 2.4 and 10.0 % on average with the constant threshold and by 3.7, 4.9, 7.3 and 9.9 % with
the quantile one, that is, an order of magnitude less than the choice of the threshold form gives, with one exception:
on ORB +desc the ratio reverses, the form of the threshold gives nothing while the convention gives almost ten per
cent. The claim that “the measurement acceptance rule matters more than the definition of the error” holds for three
configurations out of four and is not general.
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Even the division of configurations into stable and unstable does not transfer. The per-cell ratio
ATE,4q/ATE ;g shows in how many cells the advantage of the right convention is retained; the range of this ratio is
given in parentheses (Table 5).

Table 5.
Stability of the advantage of the right-invariant convention under two threshold forms
front end constant 5.99m quantile y2, ;o5
XFeat-1024 + KLT 5/5 (1.012-1.146) 4/5 (0.954-1.144)
ORB-1024 +KLT 4/5 (0.950-1.294) 4/4 (1.021-1.176)
XFeat-1024 + desc 3/5(0.919-1.177) 4/5 (0.996-1.187)
ORB-1024 +desc 5/5 (1.022-1.183) 5/5 (1.029-1.191)

With the constant threshold the stable and unstable configurations are distributed crosswise: XFeat+KLT
and ORB + desc are stable, ORB+ KLT and XFeat+ desc are not, so neither detector nor tracking method is stable on
its own: it is the pair that decides. With the quantile threshold this division is rebuilt and starts to be determined by
the detector itself: both configurations with ORB are stable, both with XFeat are not. Thus not only the magnitude of
the effect changes, but the very structure of the dependence, as soon as the form of the rule is changed. A control run
with Shi-Tomasi corners and optical-flow tracking gives 0.938—1.124; this configuration does not enter the 2 X 2
design, because corners have no descriptor.

Limits of what was obtained. What has been measured concerns five sequences of a single dataset and four
front ends, and the comparison is made by position accuracy only: these measurements say nothing about the
consistency of the estimate, where the advantage of invariant conventions shows more strongly. The noise scale was
varied at two values only, 1.5 and 3 px; a denser sweep could locate the scale that suits each configuration, which was
not the aim here. Graduated forms of weighting, in which rejection is replaced by a smooth reduction of trust, are not
considered here: they constitute a separate subject.

Conclusions

A mathematical model of the filter on the group SE,(3) is presented in a completeness sufficient for
reproduction; only the navigation block of the transition matrix is independent of the estimate, whereas the columns
associated with the IMU biases are not.

The widely used constant rejection threshold does not agree with the dimension of the measurement: 5.99 is
the quantile x3 o o5, a value for a two-component measurement, whereas in the stereo setting with landmark elimination
the residual dimension is 4M — 3 = 5. It is softer than the quantile one by a factor of 2.7—4.4 and non-uniform in
track length. Replacing it by the quantile threshold reduces the mean error by 21.1, 23.4 and 20.2 % on three front
ends and gives nothing on the fourth: the form of the threshold matters more than the presence of the gate and an order
of magnitude more than the error convention (2.4-10.0 %).

The threshold form and the noise scale are not separable, and no single scale serves the grid: at ¢ = 1.5 px
one configuration loses the solution (644.9 m), at 0 = 3 px the same form gives 0.436 m, yet that scale costs 14.3—
55.2 % on the other front ends and 9-39 % on the remaining sequences of the same one. The pair therefore has to be
chosen per configuration rather than once for the method.

The limits of transferability are twofold: the ratio of the two contributions reverses on ORB + desc, and the
division of configurations into stable and unstable is rebuilt when the form of the rule changes, passing from the pair
“detector + tracking” to the detector alone. Further research should measure the same factors by consistency indicators
rather than by ATE alone.
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Amnarouiit JKAPKOB, Poman MACJIIN

BiHHMLIBKMI HAL[IOHATPHUN TEXHIYHUI YHIBEPCUTET

ITPABOIHBAPIAHTHA CTEPEOBI3YAJIbHO-IHEPHIAJIBHA OJJOMETPIA:
IHOPOI'M BIABPAKOBYBAHHSA TA MACHITAB ITYMY

lpegmerom cTaTri € QiibTPOBE Bi3ya/ibHO-IHEDLIIa/IbHE OLIHIOBAHHS CTaHy GE3ITI/IOTHOro JIiTa/lbHOMro anapara 3a rokasamm
IHEPLIIA/IHOIO BUMIPIOBA/ILHOMO MPUCTPOIO Ta CTEPEO3I0OPAXEHD. BUKIGAEHO MATEMATUYHY MOAESL DI/IbTPAa Ha MAaTPUYHIV rpyri Jli
SE,(3) 3 npueaHaHumMm 3MILUEHHSMY, 3 BUK/TIOYEHHSIM OpIEHTUPIB MPOEKYIEID HEB'A3KM Ha HYJIb-NPOCTip sKobiaHa T1a 3
BIABPaKOBYBAHHAM 3@ HOPMOBAHOK BICTAHHIO MaxanaHobica, y fABOX KOHBEHLISX TOXWOKN. [pPaBOiHBAPIAHTHIV Ta KIaCU4HI
aANTUBHIN,

EKCriepuMeHTH rpoBefEeHO Ha IM'aTv noc/iigoBHOcTsSX EUROC MH i3 4oTupMa @poHTEHAaMu 3@ CXEMOKO 2 X 2. 4Ba Criocobu
BEAEHHS TOYKU MK KaApamMu Ha ABOX AETEKTOPax, HaB4eHoMy XFeat 1a knacudyHomy ORB. [TokazaHo, Lo MOLWMPERMI CTammi rnopir
BIAMOBIAAE KBAHTU/IO PO3IIOAINTY x* A1 ABOKOMIIOHEHTHOrO BUMIDIOBAHHS, 3aMiHa WOro KBaHTU/IbHUM [10POroM, Y3rOMKEHUM i3
DAKTUYHOIO PO3MIPHICTIO HEBS3KU, 3MEHLLIYE CEPEAHIO MOXUOKY M0/I0XKEHHS Ha 20-23 % Ha TpbOX QPOHTEHAAX i3 YOTUPLOX, TO4I 5K
BHECOK KOHBEHLJIT noxnbku ctaHoButh 2,4—10,0 %.

HayKkoBa HOBM3Ha I1O/ISrae y BCTAHOB/IEHHI TOro, WO Gopma nopora BiA6PAaKOBYBaHHS Ta MPMUHATUN MacWTab wymy
BUMIPIOBAHB TA/IAratoTh CITIIbHOMY, @ HE PO3AITIbHOMY KaslibpyBaHHIO: MOPIr, BUIHAYEHUI KBAHTU/IEM x?, HE MOTPEBYE rigi6paHoi
CTasI0i, asie NePeHeceHnii 6€3 Y3roXeHHs o KOLUTYE PO3BA3KY. [IpakTu4dHa 3HaqyLiCTb MNO/ISrac y NMpu3HaqYeHHi nopora 6e3 py4Horo
A060py Ta B KiJlbKICHO OKPEC/IEHNX MEXKAX ITEPEHOCUMOCTI HAJIALLITYBAaHb M)XK (DPOHTEHAAMM.

Kmo4oBi ¢/10Ba: BI3yasibHO-IHEPLIIA/IbHA OfOMETPIS,; iHBAPIAHTHWA @iibTp Kanmana, rpyna Jli; 6e3niioTHuid JiTaabHui
anapar; BigbpakoByBaHHS BUKWAIB, BIACTaHb MaxasaHobica, crepeosip; EuRoC.
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